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a b s t r a c t
The apparent failure of the linear stability analysis to predict accurately the transition point
from steady to chaotic solutions in Lorenz equations motivates this study. A weak non-
linear solution to the problem is shown to produce an accurate analytical expression for
the transition point as long as the condition of validity and consequent accuracy of the
latter solution is fulfilled. The analytical results are compared to accurate computational
solutions, showing an excellent fit within the validity domain of the analytical solution.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
Lorenz equations [1–3] have been proposed as a possible description of the mechanism of the transition to weak
turbulence [4] in natural convection.While the truncated Lorenz equations are limited either tomoderate Rayleigh numbers
(Ra) or to representing the solution in the interior, excluding boundary layers which develop at high values of Ra, Malkus [5]
showed that this set of three equations decouple from the rest (with exact closure), at least in the sense ofweighted residuals.
Furthermore, Wang, Singer and Bau [6] and Yuen and Bau [7], while presenting methods of rendering a subcritical Hopf
bifurcation supercritical in a thermal convection loop, present also experimental results that show the transition from steady
convection to turbulence to be consistent with solutions to the Lorenz equations. It also seems that there has not been so
far a well-established limit of validity of the Lorenz system.
Vadasz andOlek [8–11] andVadasz [12–16] demonstrated theoretically that the transition from steady to chaotic (weakly
turbulent) convection in porous media yields a system that is equivalent to Lorenz equations. Vadasz [17,18] presented
similar results for the corresponding problemof convection in pure fluids, andVadasz andOlek [19] for centrifugally induced
convection in a rotating porous layer (see also [20,21]).
The linear stability analysis of the Lorenz equations around the non-trivial stationary points provides a critical value of
the controlling parameter, the scaled Rayleigh number, Ro = Rao/Racr , representing the transition from steady solutions
to chaos, where Racr represents the other critical Rayleigh number for the transition from a motionless solution (the trivial
stationary point) to steady convection (a non-trivial stationary point). Numerical, computational [12–18,8–11] as well as
experimental results [6,7] show that the former transition occurs at subcritical values of the Rayleigh number, i.e. at R ≤ Ro.
The present paper is aimed at reconciling the analytical prediction with the computational and experimental results. It
is demonstrated that a correction of the linear stability transition point is required and the latter can be derived by a
specific analysis of a weak non-linear solution to the problem. Then, a simple expression for the transition point is obtained
which is shown to be very accurate within the domain of validity of the weak non-linear solution. The analytical results
for the transition point in terms of the scaled Rayleigh number are compared with computational results obtained by using
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Adomian’s decomposition method of solution of Lorenz equations [22,23]. The latter has been demonstrated to produce
extremely accurate results [11,24] in comparison with standard numerical techniques such as the Runge–Kutta–Verner
method.
Sparrow [2] shows that for the Lorenz system analyzed around the origin, the transition to chaos is via a homoclinic
explosion, and that the homoclinic orbit, which exists just at the point where the solution orbiting around one non-trivial
steady solution turns towards the other non-trivial steady solution, belongs to the subcritical Hopf bifurcation obtained at
Ra = Rao.
This paper is concerned with the exact point where the homoclinic explosion occurs, i.e. the transitional value of the
scaledRayleighnumber. In some cases, the lattermay involve a transition to ‘‘transient chaos’’; in others it seems to represent
permanent chaotic solutions.
2. Problem formulation and Lorenz equations
The following set of dimensionless equations represents the temporal dynamics of the amplitudes X, Y , Z , corresponding
to the lower order convection modes [10,12,13]:
X˙ = α (Y − X) (1)
Y˙ = RX − Y − (R− 1) XZ (2)
Z˙ = 4γ (XY − Z) (3)
where the dots (.) denote time derivatives d()/dt , and where the scaled Rayleigh number was introduced as follows:
R = Ra
Racr
(4)
with Racr representing the critical Rayleigh number for the transition from amotionless solution (the trivial stationary point)
to steady convection (a non-trivial stationary point), where γ is related to the critical wavenumber of convection, and α is
related to the Prandtl number. A value of γ = 0.5 is consistent with porous media convection while in pure fluids (non-
porous domains) the result is γ = 2/3. With the porous medium value of γ = 0.5 the definitions of R and α are explicitly
expressed in the form R = Ra/4pi2 and α = η/2pi2, where η = φPr/Da [21] is a dimensionless group including the porosity,
and the Prandtl and Darcy numbers (see [21,20]). A value of α = 5 corresponds to η ∼= 98.7.
Eqs. (1)–(3) are the scaled Lorenz equations [1,2] and their solution is subject to the initial conditions Xo, Yo and Zo at
t = 0. The non-trivial fixed points of the system (1)–(3) are obtained by setting the time derivative to zero, in the form
XS = ±1, YS = ±1 and ZS = 1. They represent steady state solutions consisting of convection cells moving clockwise or
counter-clockwise. These fixed points lose stability in the linear sense at a value of R = Ro = 25 (for α = 5), at which point
a subcritical Hopf bifurcation occurs (see [12] for details).
3. Analytical and computational solutions
The analytical solution to the problem was evaluated via a weak non-linear analysis by using an expansion around the
point where the non-trivial stationary solutions lose stability in the linear sense, i.e. around R = Ro (Ro = 25 for α = 5).
The stationary (fixed) points of the system (1)–(3) are the convection (non-trivial) solutions XS = YS = ±1, ZS = 1 and
the trivial solution XS = YS = ZS = 0. The expansion around the trivial stationary solution yields the familiar results of
a pitchfork bifurcation from a motionless state to convection at R = 1. We expand the dependent variables around the
non-trivial stationary points in the form
[X, Y , Z] = [XS, YS, ZS]+ ε [X1, Y1, Z1]+ ε2 [X2, Y2, Z2]+ ε3 [X3, Y3, Z3]+ · · · . (5)
We also expand R in a finite series of the form R = Ro
(
1+ ε2) which now defines the small expansion parameter as
ε2 = (R− Ro) /Ro, where Ro is the value of Rwhere the stationary non-trivial solutions lose their stability in the linear sense
(see [8,10,12]). Therefore the present weak non-linear analysis is expected to be restricted to initial conditions sufficiently
close to any one but only one of the non-trivial fixed points. Introducing a long time scale τ = ε2t and replacing the time
derivatives in Eqs. (1)–(3) with d/dt → d/dt + ε2d/dτ yields a hierarchy of ordinary differential equations at the different
orders. The values of Ro, the basic frequency σo and the argument of the decaying term of the solution at order O (ε), σ3,
corresponding to σr = 0, are obtained in the form
Ro = α (α + 4γ + 3)
(α − 4γ − 1) σ
2
o =
8αγ (α + 1)
(α − 4γ − 1) σ3 = − (α + 4γ + 1) . (6)
On the basis of the linear stability analysis, the loss of stability of the non-trivial stationary points occurs at a value of
R = Ro. For R < Ro the linear stability predicts a solution that converges to one of the stationary points, while for R > Ro a
post-transient chaotic solution is anticipated. In reality, computational, numerical and experimental results show that the
transition from the steady solution to chaos occurs at a value of R = Rt ≤ Ro.
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The amplitude r and the frequency correction θ˙ of the solution at order O (ε) are obtained from a solvability condition at
order O
(
ε3
)
producing an amplitude equation in the form
dr
dt
= χ
[
ε2
ϕ
− r2
]
r (7)
where χ = ϕ/β and
ε2
ϕ
= (R− Ro)
Roϕ
(8)
with ϕ and β as parameters that depend on the value of α. For α = 5, corresponding to η ∼= 98.7, and consistent with the
present study, ϕ = −2.4, β = 0.403226, and the following critical values apply: Ro = 25 and σo =
√
60. Clearly χ < 0 for
all the cases considered, while ε2/ϕ > 0 for R < Ro (subcritical conditions), ε2/ϕ < 0 for R > Ro (supercritical conditions),
and ε2/ϕ = 0 for R = Ro (critical conditions). The post-transient solution to Eq. (7) yields r = ±
√
ε2/ϕ which produces
a real value of r only for R < Ro (because ϕ < 0 as indicated above). The Hopf bifurcation at R = Ro = 25 is therefore
subcritical and in order to investigate the breakdown of the periodic solution at R = Ro = 25 the derivation of the transient
solution to Eq. (7) is undertaken. This transient solution is obtained by direct integration in the form
r2 = ε
2
ϕ
[
1−
(
1− ε2
ϕr2o
)
exp
(
− 2ε2χ t
ϕ
)] (9)
where the following initial conditions apply: r = ro at t = 0. The solution (9) is valid at t = 0 leading to r2 = r2o , which can
be recovered by substituting t = 0 in Eq. (9). The focus of this analysis is on finding what happens at a later time t > 0 that
causes these solutions to disappear when R > Ro (i.e. when ε2/ϕ < 0). Vadasz [12] has shown that the solution (9) becomes
singular, i.e. its denominator vanishes at a critical value of t expressed by the equation
tcr = ε
2
2χϕ
ln
[
1− ε
2
ϕr2o
]
. (10)
The existence of this critical time is linked to a condition that the argument of the ln (•) function in Eq. (10) is positive and
greater or smaller than 1 depending on whether ε2/ϕ is negative or positive, respectively. The latter requirement comes
to impose a positive value of tcr ; otherwise no physical significance can be associated with this critical time. This condition
exists only for subcritical values of R, i.e. for ε2/ϕ > 0 (R < Ro), and is presented in the form ε2/
(
ϕr2o
)
< 1, while for
supercritical values of R, i.e. for ε2/ϕ < 0 (R > Ro), the critical time exists unconditionally. Our physical interpretation of
the existence of a critical time when the limit cycle solution diverges is explained as being the analytical representation of the
homoclinic explosion leading to a chaotic solution.Transforming the condition for this transition to occur, from r2o > ε
2/ϕ
to the original physical parameters of the system, by substituting the definition ε2/ϕ = (R− Ro) /Roϕ, leads to a value of
R 6 Ro, say Rt , beyond which the transition occurs, which can be expressed in the form
Rt = Ro
(
1− |ϕ| r2o
)
(11)
where theminus sign and the absolute value of ϕ appear in order to show explicitly thatϕ < 0. If R < Rt the solution decays,
spiraling towards the corresponding fixed point, and at R = Rt we expect the limit cycle solution. Beyond this transitional
value of R, i.e. for R > Rt , the solution moves away from this fixed point. Therefore, at the value of Rt we expect to obtain a
limit cycle solution and beyond it a chaotic solution.
Adomian’s decomposition method [22,23] was applied to solve the system of Eqs. (1)–(3). Its details were presented by
Vadasz [12–18], Vadasz and Olek [8–11] and are therefore not repeated here.
In order to compare the computational results to the analytical ones obtained via the weak non-linear theory one needs
to ensure that the initial conditions for the computations are consistent with the initial conditions corresponding to the
weak non-linear solution as derived by Vadasz [16].
4. Results and discussion
The objective in the presentation of the following results is identifying the transition point, i.e. the value of Rt where
the homoclinic explosion occurs, and comparing the computational and analytical values of Rt , the latter corresponding
to Eq. (11), for different initial conditions that are consistent with the weak non-linear solution. A sequence of numerous
computations was performed in order to evaluate these transitional R values. In all computations the values of γ = 0.5
and α = 5 were used. The computations were divided into three computational sets of results. Computational set ‘‘A’’
corresponds to the particular case when a30 = 0 and θo = 0, where a30, θo are the initial conditions for the decaying term
and the phase angle in the solution at order O (ε) (details are presented by Vadasz [16]), computational set ‘‘B’’ corresponds
to the particular case when Xo = Yo = Zo, while computational set ‘‘C’’ corresponds to arbitrary initial conditions that do
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Fig. 1. Transitional subcritical values of the Rayleigh number in terms of Rt/Ro as a function of the initial conditions ro . A comparison between the weak
non-linear solution (— analytical) and the computational results (• computational set ‘‘A’’, ◦ computational set ‘‘B’’,  computational set ‘‘C’’).
not belong to any particular case and are therefore general. The results are presented in Fig. 1 where the continuous curve
represents the analytical solution expressed by Eq. (11) while the different markers represent the computational results
corresponding to the different computational sets. The very good agreement between the analytical and computational
solutions in the neighborhood of the non-trivial fixed point (i.e. |ro|  1) is evident from Fig. 1. Actually for |ro| < 0.2
the computational and analytical solutions overlap. However, as ro moves away from this neighborhood the weak non-
linear solution loses accuracy and the analytical results for Rt depart from the accurate computational ones. Higher order
corrections of this analytical transition value could improve the accuracy of the analytical results. Nevertheless, it can be
anticipated that the actual transition point, Rt , depends not only on ro as Eq. (11) suggests, but also on θo and a30.
5. Conclusions
The analytical derivation of the transition point from steady to chaotic solutions in Lorenz equations was presented by
using the weak non-linear theory. The analytical results are accurate within the validity domain of the weak non-linear
method of solution. A comparison between the analytical prediction and computational results shows an excellent fit as
long as the analytical solution is within the validity domain. Gradual loss of accuracy of the analytical solution produces
gradual loss of accuracy of the analytical prediction for the transition point. Preliminary results also indicate that similar,
although more subtle, effects on the transition point in Hopf bifurcations seem to apply to other non-linear oscillators such
as the Duffing oscillator. It is for this reason that a reliable analytical approximation of the transition point as presented in
this paper and its derivation method are needed. It turns out that the linear stability criterion represents the loss of stability
of the non-trivial fixed points with respect to all possible initial conditions, while the weak non-linear criterion expressed
in Eq. (11) provides the transition value dependent on the initial conditions, including the linear stability limit.
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